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This paper explores the analytical solution properties surrounding a hypothetical orbit in an invariant plane

perpendicular to the line joining the two primaries in the circular restricted three-body problem. Assuming motion

can be maintained in the plane, Jacobi’s integral equation can be analytically integrated, yielding a closed-form

expression for the period and path of the third body expressed with elliptic integral and elliptic function theory. In

this case, the third body traverses a circular path with nonuniform speed. In a strict sense, the in-plane assumption

cannot be maintained naturally. However, the hypothetical orbit is shown to satisfy Jacobi’s integral equation and

the tangential motion equation exactly and the other twomotion equations approximately in bounded-averaged and

banded sense. More important, the hypothetical solution can be used as the basis for an iterative analytical solution

procedure for the three-dimensional trajectory where corrections are computable in closed form. In addition, the

in-plane assumption can be strictly enforced with the application of a modulated thrust acceleration which is

expressible in closed form. Presented methodology is primarily concentrated on halo-class orbits.

Nomenclature

a = radius of circular orbit
C = Jacobi’s constant
G = universal gravitational constant
J = Jacobi’s function
m1 = mass of first primary
m2 = mass of second primary, m2 � m1

r = position vector of third mass relative to center of mass
r1 = position vector of first primary relative to center of mass
r2 = position vector of second primary relative to center of

mass
r12 = distance between two primaries
�1 = position vector of third mass relative to first primary
�2 = position vector of third mass relative to second primary
! = angular velocity vector of rotating fame

I. Introduction

T HE circular restricted three-body problem addresses the motion
of an inertially negligible third body in the presence of two

primary bodies undergoing circular orbital motion about their
combinedmass center. Solutions to this problemhave great utility for
mission design or celestial analysis near binary planet, star, or planet-
star systems. The Earth–moon system is one of many relevant
applications. Although an infinite set of transient and periodic orbits
can be generated numerically for this problem, analytical solutions
are not found in abundance. The importance of analytical solutions
lies in their enhancement to physical understanding and the
underlying framework for exploitation and synthesis.

Complete analytical formulation of special orbits in the circular
restricted three-body problem is rare in the literature. The few results
that do exist include the libration point solutions, the exact motion

integral result, the bounding surfaces or curves of zero velocity, and
the rectilinear oscillation solution [1,2]. A cornerstone of many of
these results originates from the advantages that exist when the
problem is formulated in a rotating coordinate system moving with
the primaries. Five static (in the rotating system) equilibrium points
in which gravitational and centripetal accelerations balance were
found by Lagrange [3]. The libration solutions are actually special
cases of the conic section solutions existing for the more general
unrestricted three-body problem [1,2]. Jacobi was able to restructure
the motion equations such that an exact analytic integral could be
executed, leading to Jacobi’s integral equation and Jacobi’s constant
[4]. Using the exact integral to provide boundaries to regions in
which third body motion is permissible for a specified initial
condition was first analyzed by Hill [5] and later Moulton [6]. A
modern 3-D interpretation can be found in [7,8]. Existence of
periodic rectilinear motion of the third body in the rotating frame
along an axis perpendicular to the plane of motion of the primaries
and passing through the center of mass was accomplished by
MacMillan [9] and later revisited by Sitnikov [10] and Battin [2].
With the use of elliptic integrals, the period of motion corresponding
to certain initial conditions is expressible in closed form.

Periodic solutions to the restricted problem hold special signifi-
cance for several reasons [1]. Moulton [11] laid the analytical
foundation for classification and solution of periodic orbits about the
collinear libration points using linear analysis. Three main classes
were discovered: 2-D horizontal orbits, one-dimensional vertical
orbits, and 3-D orbits. These orbits were extended analytically by
Moulton [11] and others, over many decades, to larger amplitudes.
Szebehely [1] efficiently summarizes these efforts. At least three
classes, having their origins tracable to Moulton’s work are the in-
plane or Lyapunov periodic orbits, the nearly vertical or out-of-plane
dominated periodic orbits, and 3-D periodic halo orbits [12].
Farquhar andKamel [13] used an analytical higher order technique to
study these naturally occurring but unstable halo orbits. Richardson
[14] used the linearized motion equations and their solution about
collinear equilibrium points as a generating orbit to produce halo
orbits through a successive analytical approximation technique
applied to the full nonlinear equations ofmotion inwhich the origin is
the collinear equilibrium point. A correction of the frequency and a
restriction on the amplitudes of coordinates are found to be necessary
for establishing such orbits. After 1980 this type of analytical work
for the restricted problem was much less investigated.

Starting in the 1960s and continuing through the present time,
numeric computation has been used to construct and investigate
periodic orbits residing in the restricted three-body gravitation field.
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Construction of periodic orbits is achieved by searching for an
appropriate initial condition set that, when propagated, closes on
itself. Such differential correction techniques are the computational
engine formany investigations [15]. Using pure computational tools,
Henon showed that halo orbits result from in-plane orbit bifurcations
at critical amplitudes [16]. Zagouras and Kazantzis [17], Robin and
Markellos [18], and Ichtiaroglou and Michalodimitrakis [19] follow
this type of approach to identify periodic families, characterize
properties, and study their relationships to one another. The 1990
book by Marchal addresses more recent efforts [20]. Starting in the
early 1990s, researchers began to couple dynamical systems theory
with numeric computation to discover new relationships and insights
pertaining to restricted three-body periodic orbits [12]. Manifold
theory is central to this approach and relies heavily on computation
using tangency concepts applied to the eigen structures of the
monodromy matrix along a halo orbit [21], or Lindstedt-Poincaré
type numeric constructions [22]. This research has shown that in-
plane periodic, out-of-plane dominated periodic, 3-D periodic, and
3-D quasi-periodic orbital families constitute the 4-D center
manifold for each libration point [21]. Valtonen and Karttunen [23]
provide a semi-analytic approach for restricted problems based on
statistical concepts, not necessarily for periodic solutions.

The objective of this research is to investigate methodology
whereby approximate but pure analytical relationships between
high-inclination halo type orbit characteristics and fundamental
three-body system parameters can be developed [24]. Richardson
[14] may be the closest work to this paper, whereas the recent com-
putational approaches in [21,22] are only indirectly related. A major
difference between this work and [14] is that a nonlinear generating
orbit is used. Several advantages may exist with this generating
solution. From the outset, analysis will incorporate aspects of the
three-body problem that are not present in the Richardson approach
until higher order terms are addressed. Next, the analysis should hold
for larger radius orbits located farther from the libration points.
Finally, insights afforded by analysis of the generating orbit
properties are unique and not present in the Richardson work.

In this study Jacobi’s integral, governing the motion of the third
body in the circular restricted three-body problem, is integrated
again, assuming certain characteristics for the motion of the third
body even though these characteristics may be only approximately
satisfied in practice. This procedure is similar to that used in the
rectilinear oscillation theory [2]. Not only can an analytical
formulation of the period of motion be obtained, but also a closed-
form expression for the orbital path is available. Motion in two of the
three axes can be solved for functionally. The projectedmotion on the
corresponding plane is circular with nonuniform speed. The period
and projected path are expressed in terms of elliptic integrals and
functions. The governing characteristics do not permit motion along
the third axis. An iterative procedure is used to improve the accuracy
of the predicted 3-D motion. This study introduces a new
approximate analytical foundation for an existing class of 3-D highly
inclined quasi-periodic orbits that may be used for applications in
any restricted three-body system. In Sec. II a description of the
equations of motion and Jacobi’s integral for the circular restricted
problem of three bodies, are reviewed. In Sec. III a suppositional
circular solution for the third bodymotion is analytically derived and
the properties of the proposed orbit are discussed. In Sec. IV natural
constraints imposed on the third body motion and initial condition
are investigated. In Sec. V the accuracy of the supposed conditions
and analytical solution are analyzed. In Sec. VI an iterative analytical
procedure is offered to provide corrections to the base solution. In
Sec. VII comparisons are made between a numerically propagated
orbit associated with an artificial three-body system and the cor-
responding approximate analytical solution for the orbit. In Sec. VIII
application ofmodulated thrust to render the original solution exactly
is discussed. Finally, conclusions are drawn in Sec. IX.

II. Circular Restricted Three-Body Theory

The circular restricted three-body problem (CRTBP) [1,2]
addresses the motion of a small third body when the motion of the

two primary masses is restricted to the xy-plane so that they move in
circular orbits relative to each other and relative to their center of
mass (cm). The center of the system is located between the two
primary masses on the line joining them which is aligned with the
x-axis in the rotating system. The z-axis is the axis of the orbital
angular velocity vector, and the y-axis is in the plane of motion of the
two primaries and completes the right-hand system. The main
characteristics of the circular problem are that the distance of either
primary relative to the center of mass is constant, and the angular
velocity of the rotating system is constant. Figure 1 shows the
CRTBP geometry in the rotating coordinate system.

In Fig. 1, the xyz coordinate system with origin at the center of
mass is rotating with the primaries according to angular velocity
vector !. Body masses are denoted by mi for i� 1, 2, 3, where
m3 � m1 and m3 � m2. Absolute position vectors to each primary
are denoted by r1 and r2 (constants), whereas r is the corresponding
vector for the third body. The relative positions of body 3with respect
to bodies 1 and 2 are denoted by �i, i� 1, 2. Components of these
dimensional position vectors are

ri � xiî ; i� 1; 2 �x1 > 0; x2 < 0�

r� xî� yĵ� zk̂

�i � �x � xi�î� yĵ� zk̂ ; i� 1; 2 (1)

where î, ĵ, k̂ are unit vectors for the xyz-axes. Magnitudes of �1 and
�2 are also given by

�1 � ��x � x1�2 � y2 � z2	1=2 �2 � ��x � x2�2 � y2 � z2	1=2
(2)

Finally, the angular velocity vector! (constant) based on the circular
orbit condition is

! � !k̂ !2 � G

r312
�m1 �m2� (3)

where r12 � x1 � x2 and G denotes the universal gravitational
constant.

The Lagrangian and Hamiltonian functions L and H for the third
body in this system are

L� 1

2
�� _q21 � _q22 � _q23� � 2!�q1 _q2 � q2 _q1� � !2�q21 � q22�	 �U

H � 1

2
�p2

1 � p2
2 � p2

3� � !�p1q2 � p2q1� � U (4)
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Fig. 1 Circular restricted three-body problem geometry.
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where qi for i� 1, 2, 3 are the generalized coordinates; pi for i� 1,
2, 3 are the momenta; and U is the gravitational potential function.
These quantities are defined below:

q1� x p1�
@L

@ _q1
q2� y p2�

@L

@ _q2
q3� z p3�

@L

@ _q3
(5)

U�Gm1

�1
�Gm2

�2
(6)

Using Hamilton’s canonical equations

dq1
dt
� p1 � !q2

dp1

dt
� !p2 �

@U

@q1
dq2
dt
� p2 � !q1

dp2

dt
��!p1 �

@U

@q2
dq3
dt
� p3

dp3

dt
� @U
@q3

(7)

the third body equations of motion are

�x � 2! _y� !2x� @U
@x

�y� 2! _x� !2y� @U
@y

�z� @U
@z

(8)

To simplify the equations ofmotion, Jacobi’s function J is introduced
and defined as

J� 1

2
!2�x2 � y2� �Gm1

�1
�Gm2

�2
(9)

The final form of the equations of motion of the third body in the
rotating system is

�x � 2! _y� @J
@x

�y� 2! _x� @J
@y

�z� @J
@z

(10)

The dynamics of the CRTBP represented by the mathematical
structure in Eq. (10) admit an exact integral. The resulting equation
and constant are known as Jacobi’s integral equation and the Jacobi
constant C:

C� 2J � v2 (11)

In Eq. (11), v denotes the third body velocity magnitude with respect
to the xyz system:

v2 � _x2 � _y2 � _z2 (12)

III. Suppositional Circular Motion: y0z0 Plane

Figure 2 illustrates a suppositional circular motion path for the
third body in the y0z0-plane, which is offset from the yz-plane by the
constant distance dx. This motion is not strictly permitted by the
governing motion equations. However, the motion solves Jacobi’s
integral equation exactly, solves the tangential equation of motion
exactly, and approximately solves the radial and cylindrical motion
equations in bounded averaged and banded sense. The analysis
for Jacobi’s integral equation is contained in this section whereas
the equations of motion analysis is given in Sec. V. Further, a
methodology to correct this supposition with an iterative procedure
will be addressed in Sec. VI.

Under the supposition, coordinates of the third body are equal to

x�t� � dx y�t� � a sinf��t�g z�t� � a cosf��t�g (13)

wherea denotes the constant radius of the circular path and angle ��t�
measured from the z0-axis parameterizes the location along the path
as an undetermined function of time, not necessarily linear. From the
geometry in Fig. 2, or substituting Eq. (13) into Eq. (2), this path

maintains constant separation between the two primaries and the
third body:

�1 � ��dx � x1�2 � a2	1=2 �2 � ��dx � x2�2 � a2	1=2 (14)

In Fig. 2 point P represents the location of the third body on the
supposed orbit. Assuming point P0 is the initial position of the third
body, the six initial conditions are

�x0; y0; z0; _x0; _y0; _z0	

� �dx; a sinf�0g; a cosf�0g; 0; a _�0 cosf�0g;�a _�0 sinf�0g	
at t� t0 (15)

where ��t0� � �0 and _��t0� � _�0 denote the initial angular position
and angular velocity of the third body. Equation (15) indicates the

two independent constants �0 and _�0 are all that is needed to describe
the initial state of the y0z0 plane circular motion, assuming the radius
and plane location a and dx are specified.

Along this circular path, the rate at which ��t� changes with time is
not constant. Although the assumed orbital path for the third body
is a circle, the speed at which the body travels along that path is
nonuniform or accelerated. To determine the governing differential
relation for the angular position, substitute the time derivatives of
x�t�, y�t�, z�t� into Jacobi’s integral result in Eq. (11):

_� 2�t� � !2sin2f��t�g � 1

a2

�
!2d2x � 2G

�
m1

�1
�m2

�2

�
� C

�
(16)

Note in Eq. (16) the second term in the right-hand side is a constant
that is renamed C0:

C0 �
1

a2

�
!2d2x � 2G

�
m1

�1
�m2

�2

�
� C

�
(17)

Constant C0 is determinable from the initial conditions �0 and _�0
existing at P0:

C0 � _�
2
0 � !2sin2f�0g (18)

Equation (16) thus becomes

_� 2�t� � !2�sin2f��t�g � sin2f�0g	 � _�
2
0 (19)

Now, an analytical solution for the period of the circular path is
sought from Eq. (19). Define a new angle ��t� for transformation
purposes:

��t� � �
2
� ��t� (20)

θ  

x
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z′

cm 
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 P 

m1 

 m2 
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y

1ρ  
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a 

Fig. 2 Third body circular motion in y0z0-plane (supposition).
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Modify Eq. (19), using the transformationvariable��t�, to a standard
Legendre elliptic differential form of the first kind [25]:

� d��t�
dt
� !
k
�1 � k2sin2f��t�g	1=2 (21)

where k is the modulus of the elliptic form:

k�
�
cos2f�0g �

_�
2
0

!2

��1=2
(22)

A complete elliptic integral of Eq. (21) can be formed to obtain the
analytical expression for the period T of the circular path. Integrating
Eq. (21) over a general half path (t: t0 ! t0 � T=2, ��t�: �0 !
�0 � �), or Z

t0�T=2

t0

dt�� k
!

Z ��2��0
�
2��0

d�

�1� k2sin2f�g	1=2 (23)

yields the period T:

T � 4k

!
K�k� (24)

In Eq. (24),K�k� is the complete elliptic integral of the first kind [25].
For the suppositional circular motion, the period is a nonlinear

function of �0, _�0, and ! and is independent of a and dx. Nonlinear
dependence on initial angular position and velocity is due to
trigonometric, power, multiplication, and complete elliptic integral
operations. Figure 3 shows the nondimensional periodicity for
various nondimensional initial conditions. As expected, orbital

period T and initial angular velocity _�0 are inversely proportional.
Also note, for the same initial rate larger initial positions can amplify

the period. The low end cut off points for _�0 in Fig. 3 are from
dynamical constraints discussed in Sec. IV.

Next, an analytical solution for the parameterization of the circular
path is sought from Eq. (19). Returning to Eq. (21), perform an
integral over a general path segment (t: t0 ! t, ��t�: �0 ! �):Z

t

t0

dt�� k
!

Z
�

�
2��0

d�

�1 � k2sin2f�g	�1=2
(25)

!

k
�t � t0� � �F���t�; k� � F

�
�

2
� �0; k

�
(26)

In Eq. (26), function F� ; k� is the incomplete elliptic integral of the
first kind evaluated at  . By using the theory of theta functions [25],
Eq. (26) is inverted to obtain the transform angle ��t� as a function
of time:

sinf��t�g � sn

�
�!
k
�t � t0� � F

�
�

2
� �0; k

�
; k

�
(27)

where sn��; k� denotes the elliptic sine or s-n function evaluated at �
[25], precisely the inverse of F�����; k�. After transforming back to
the original coordinate, analytical expressions for the parameterizing
variable ��t� for the circular path and its derivative are

cosf��t�g � sn

�
�!
k
�t � t0� � F

�
�

2
� �0; k

�
; k

�

sinf��t�g � cn

�
�!
k
�t� t0� � F

�
�

2
� �0; k

�
; k

� (28)

_��t� � !
k
dn

�
�!
k
�t � t0� � F

�
�

2
� �0; k

�
; k

�
(29)

In Eqs. (28) and (29), cn��; k� and dn��; k� are the elliptic c-n and d-n
functions evaluated at � [25].

In effect, Eqs. (26–29) represent a closed form integral of Jacobi’s
integral equation under the imposed suppositional conditions. These
results can be referred to as an “integral of the suppositional motion.”
Figures 4–6 show various orbital trajectory characteristics of the
suppositional motion, derived from the generally applicable
Eqs. (28) and (29), across a family of modulus values for the
Earth–moon system (specified m1, m2, r12), chosen only to portray
graphical information for a commonly analyzed three-body system.
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Fig. 3 Periodicity behavior of suppositional circular motion.
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Figure 4 depicts the normalized angular position against normalized
time for half an orbit, whereas Fig. 5 shows the corresponding
angular rate response. Clearly, the rate of change of ��t� with t is
nonuniform and strongly depends on the value of k. As the third body
passes through the y0-axis, maximal angular rate occurs, while a
minimum occurs on the z0-axis. For the limiting case k: k! 1, the
largest variation in angular rate is experienced and the third body
approaches a state of rest, in the rotating coordinate system, each time

it passes by the z0-axis. For smaller values of k, the _��t� variation
around the orbit is lessened but the averaged and peak _��t� values
increase. For k < 0:5, the third body follows essentially uniform
speed circular motion. The limiting case k: k! 0 corresponds to
precisely constant but infinite speed circular motion.

Finally, Fig. 6 combines the information of Figs. 4 and 5 in a ��t�
vs _��t� phase space polar plot in which the radial coordinate is
normalized angular velocity and the transverse coordinate is
normalized angular position. First, the suppositional motion in
Eq. (13) was assumed periodic, and the closed curves in Fig. 6
demonstrate this trait. The varying radius phase plane curves are the
signature of nonuniform angular velocity. For k: k! 1, the third
body state trajectory in the phase plane consists of two circles
forming a lazy figure eight shape. Note the radius of the phase plane
trajectory approaches zero for ���t� � �0	=2�� 0 and 0.5 (z0-axis
passage) while for ���t� � �0	=2�� 0:25 and 0.75 (y0-axis passage)
maximum radius values occur. As k is reduced, the phase space
closed trajectory transitions from a pinched oval shape to a flattened
oval shape. For k: k! 0, the trajectory approaches a constant but
infinite radius oval (i.e., circular).

The suppositional motion outlined here and displayed in Fig. 2
is classified as retrograde motion, because the relative angular
momentum vector points along the negative x-axis, or because the
motion from the z0-axis to the y0-axis follows a left-hand rule. A
complete set of identical results exists for direct motion. If the
circular motion is in the opposite sense, from the z0-axis to the
�y0-axis, and the direction of the angular position variable ��t� is
reversed along with the supposition x�t� � dx, y�t� � �a sinf�g,
z� a cosf�g, Eq. (19) is easily derived. Applying the transformation
��t� � ��t� � �=2 leads to Eq. (21), and all results therefrom.

IV. Initial Condition and Motion Constraints

Certain restrictions on the initial condition pair �0 and _�0 exist
within the suppositionalmotion theory. Equation (22) gives the value
of the modulus of the elliptic integral in terms of the initial states
of the motion. The value of the modulus k is constrained by the
following mathematical inequality:

k2 < 1 (30)

Substituting from Eq. (22) into Eq. (30) leads to the following
inequality:

!2sin2f�0g< _�
2
0 (31)

By using Eqs. (17) and (18), this inequality becomes

C0 > 0 (32)

C < !2d2x � 2G

�
m1

�1
�m2

�2

�
(33)

The right-hand side of Eq. (33) is a function of both a and dx, and it
represents an upper limit on the Jacobi constant,Cu, corresponding to
certain combinations of a and dx. This condition is not only a
mathematical relation but a physical constraint on the behavior of the
dynamical system in the dimensional space.

Figure 7 shows the upper limit (the right-hand side of Eq. (33)) on
the nondimensional Jacobi constant as a function of normalized orbit
radius for a family of normalized y0z0-plane locations. The CRTBP
parameters are selected for the Earth–moon systemmerely used as an
example. For certain values for the orbit size and motion plane,
possible values for the Jacobi constant must lie below the
corresponding curve in Fig. 7. From another perspective, whatever
the initial conditions are, they must yield a Jacobi constant which
falls within the admissible region in Fig. 7. The admissible region is

characterized by all �0 and _�0 orC0, which satisfy Eqs. (32) and (33).
For example, for a given initial angle and a particular CRTBP
characterization, the initial rate must exceed a threshold for
suppositional circular motion to exist. For the center plane (dx � 0)
and small orbits (a < r12) a wide range of potential C levels exist,
whereas for off center planes the allowable C range is significantly
less. For large orbits (a > r12), all planes in Fig. 7 yield approxi-
mately the same potentialC range. These trends are a consequence of
the manner in which a and dx influence the right-hand side of
Eq. (33). All curves in Fig. 7 appear to intersect precisely at the point
�a;C� � �r12; 2!2r212�, but this appearance is an artifact of highly
unbalanced primary masses (m2 � m1) for the Earth–moon case.

Equations (28) and (29) give the totality of the motion in this
analysis. Recalling that for generalmotion in a plane perpendicular to
the x-axis, the phase space is described by the elements of the vector
�y; z; _y; _z	. The motion is completely determined by the initial
conditions �y0; z0; _y0; _z0	, as the equations of motion are numerically
integrated from this point. Under the suppositional theory, the

equivalent vector is �dx; a; �0; _�0	, but the Jacobi integral equation
[Eq. (16)] evaluated at t� t0 represents a restriction on the initial
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Fig. 6 Phase space polar trajectory of suppositional circular motion.
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conditions. This means the four initial conditions are not completely
arbitrarily chosen. Once three of the initial conditions are chosen,
the fourth one is calculated from the Jacobi integral equation for a
given value of C. In other words the Jacobi integral equation is
reformulated as follows:

f�dx; a; �0; _�0� � C (34)

Equation (34) represents an algebraic relation between the four initial
conditions, which could be used as follows. Parameters dx and a

could be specified, leaving, for a particular C, a relation for _�0 in
terms of �0, or vice versa. Additionally, if k was specified, Eqs. (22)
and (34) would leave two equations for the two dependent

parameters �0, _�0.
With a completely different perspective, Eq. (16) sets a basis for

the principle of accessible and forbidden regions of motion for the
third body within the theoretic supposition, because the magnitude
square of the angular velocity of the third body must be equal to or

greater than zero. For zero _��t� the suppositionally modified Jacobi
integral equation constitutes curves of zero velocity or what is known
as equipotential curves. The governing relation is

sin 2f�g � 1

!2a2

�
!2d2x � 2G

�
m1

�1
�m2

�2

�
� C

�
� 0 (35)

These curves are parameterized by the Jacobi constant which can be
determined by the initial conditions as previously indicated. For a
certain C, Eq. (35) is used to solve for � as a function of a.

Results from this effort are contained in Fig. 8, which shows a
family of level curves parameterized by nondimensional C for the
center plane location passing through the CRTBPmass center for the
example Earth–moon system. The curves of zero velocity consist of
two types depending on the value of C. For lower values of C, a pair
of opposing trough shaped curves that open vertically exist. These
curves tend to constrain the accessible region of motion from the top
and bottom, or along the z0-axis. In Fig. 8, the center, left, and right

regions correspond to real _�, whereas the top and bottom regions

yield imaginary _�. For higher values of C, a pair of nearly vertical
curves offset from the center exists along with an oval shaped curve
near the center. These curves disallow motion in the intermediate

regions (imaginary _�) but leave large regions to the left and right
along with the smaller enclosed regions near the center for allowable

motion (real _�). The accessible region corresponding to real _� for
C� 4!2r212 is hush marked in gray. Note this region lies within the
accessible region for the C� 3:4!2r212 curve. Thus, as C increases
the accessible region of motion decreases in size. To see the effect of
another y0z0-plane location, Fig. 9 shows the level curves for a plane
passing through the collinear libration pointL1 (Battin [2] definition)

for the Earth–moon system. Overall, the topological structure in
Fig. 9 is similar to Fig. 8. Themajor difference is that atL1 the regions
of admissible motion, for the same potential level, are smaller than
for the center plane case.

The suppositional theory is exclusively circular motion. Thus, the
main information extracted from Fig. 8 is the maximum allowable
orbit size a for a given C and dx. For example, the largest accessible
radius for C� 4!2r212 and dx � 0 is a� 0:497r12. Constant C and
the maximum allowable a tend to be inversely proportional. In Fig. 8
the largest radius orbit allowed is always tangent to the zero velocity
curves at y0 � 0 or where the curves cross the z0-axis. To show this,
interpret Eq. (35) as the implicit function a� f���. The condition
da=d�� 0 can be used to determine critical values �� �
 where
a� amin, a� amax. For computation, use the explicit function ��
f0�a� and invert the resulting expression for d�=da yielding

da

d�
�� !2a2 sinf�g cosf�g

!2asin2f�g �Gfm1
d
da
� 1
�1
� �m2

d
da
� 1
�2
�g (36)

Applying the extremum condition to Eq. (36) results in

da

d�
� 0) �
 � 0; �� or �
 � �

�

2
(37)

Determination of extremum type requires examination of
d2a=d�2. Differentiation of Eq. (36) followed with evaluation at
�� �
 gives an expression for the second derivative:

d2a

d�2

����
���

� � !2a2�cos2f�
g � sin2f�
g	

!2asin2f�
g �Gfm1
d
da
� 1
�1
� �m2

d
da
� 1
�2
�g (38)

At �
 � 0,��, the second derivative simplifies to

d2a

d�2

����
�
�0;��

� !2a

Gfm1

�3
1

� m2

�3
2

g> 0 (39)

revealing a� amin. At �
 � ��=2, the second derivative simplifies
to

d2a

d�2

����
�
���=2

� !2a

Gfm1� 1r3
12

� 1
�3
1

� �m2� 1r3
12

� 1
�3
2

�g (40)

Bothamin andamax can potentially occur here, depending on thevalue
of a. Both �
 cases are observable in Fig. 8, however, only the case of
�
 � 0�� has relevant meaning.

To determine amin corresponding to �
 � 0, �� substitute the
critical � value in Eq. (35) and solve for a from
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Fig. 8 Zero velocity curves in y0z0-plane located at center of mass.
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!2d2x � 2G

�
m1

�1
�m2

�2

�
� C� 0 (41)

Note amin becomes an upper limit, au, on the allowable orbit radius
(au � amin). For computational advantages, Eq. (41) can be con-
verted to the polynomial equation

1

2
X 2��21 � �2	��22 � �2	

�
�
1

8
X 2��21 � �2	��22 � �2	 � �2

1��21 � �2	 � �2
2��22 � �2	

�

� f�2
1��21 � �2	 � �2

2��22 � �2	g2 � 0 (42)

where

�1 �
dx
r12
� �1 �1 �

m1

m1 �m2

X� C

!2r212
� d

2
x

r212

�2 �
dx
r12
� �2 �2 �

m2

m1 �m2

�� a

r12

(43)

In contrast, substituting �
 ���=2 in Eq. (35) yields an expression
from which amin or amax can be found depending on the sign of
d2a=d�2 from Eq. (40).

!2a2 � !2d2x � 2G

�
m1

�1
�m2

�2

�
� C� 0 (44)

An equivalent polynomial equation is

1

2
�X � �	2��21 � �2	��22 � �2	

�
�
1

8
�X � �	2��21 � �2	��22 � �2	 � �2

1��21 � �2	 � �2
2��22 � �2	

�

� f�2
1��21 � �2	 � �2

2��22 � �2	g2 � 0 (45)

Here amax becomes the lower limit al, and amin is the upper limit au,
on the allowable orbit radius (a1 � amax, au � amin).

Figure 10 shows the upper limit on the nondimensional orbit
radius as a function of normalized Jacobi constant for a family of y0z0-
plane locations for the example Earth–moon system. For certain
values for the Jacobian potential level and motion plane, possible
values for the orbit radius must lie below the corresponding curve in
Fig. 10. For both center plane (dx � 0) and off center planes
(dx ≠ 0), and low potential levels (C < 2!2r212), a wide range of
potential circular orbits exist, whereas for high-potential levels
(C > 2!2r212) the allowable a range is significantly less. In this latter
region, conditions for existence of center plane orbits are always

satisfied, but off center plane orbits may or may not exist depending
on the value ofC. Inspection of Figs. 7 and 10 reveals identical trends
because the limiting cases in Eq. (33) and (41) are equivalent. An
implication from this equivalence is the nonnegative velocity
magnitude square constraint (accessible motion space bounded by
zero velocity curves) is one and the same with the less than unity
modulus constraint (admissible function space bounded by elliptic
integral existence).

An interesting study is to assess consistency of the suppositional
zero velocity curves from Eq. (35) with exact zero velocity curves
computed from Eq. (11) with v� 0. After computing the exact level
curves, and comparing them with the suppositional level curves
shown in Fig. 8 for the center plane passing through theCRTBPmass
center, for the example Earth–moon system no differences were
found. Perfect correlation between the exact and suppositional
curves exists. Further, the constraints imposed on the suppositional
planar orbit (not the true orbit which repeatedly penetrates this plane)
by the two sets of curves are also in precise agreement. Table 1 shows
a comparison of allowable circular orbit radii from both the
suppositional curves and the exact curves for the specific cases
shown in Fig. 8. For example, atC� 4!2r212 the largest circular orbit
that would lie within the boundaries would have a radius of
a� 0:4965r12. This orbit would touch the suppositional and exact
boundaries at the point �y=r12; z=r12� � �0; 0:4965�.

To show how this perfect correlation exists, consider Eq. (11) with
v� 0 and x� dx:

!2y2 � !2d2x � 2G

�
m1

�1
�m2

�2

�
� C� 0 (46)

Within �1 and �2 the y2 � z2 term can be replaced by r2 where r
denotes the radius to a point lying on the exact zero velocity curve in
the y0z0-plane. Equation (46) represents the implicit function
r� f�y�. The condition dr=dy� 0 yields critical values y� y

where r� rmin, r� rmax. For computation, use the explicit function
y� f0�r� and invert dy=dr giving

dr

dy
� !2y

Gr�m1

�3
1

� m2

�3
2

� (47)

dr

dy
� 0) y
 � 0 (48)

Computing a second derivative and evaluating at y� y
 gives

d2r

dy2

����
y�y

� !2

Gr�m1

�3
1

� m2

�3
2

�> 0 (49)

d2r

dy2

����
y�y


>0) r� rmin (50)

Note rmin becomes an upper limit ru on the allowable orbit radius
(ru � rmin). The equation determining the upper limit ru is obtained
by substituting y� y
 in Eq. (46). The resulting expression matches
Eq. (41), hence the perfect correlation.
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Fig. 10 Upper limit for radius for suppositional circular motion.

Table 1 Quantitative constraints of suppositional and exact

zero velocity curves

Normalized Jacobi constant Normalized orbit radius upper limit

Suppositional Exact

C=�!r12�2 au=r12 au=r12

2.2 0.9054 0.9054
2.8 0.7106 0.7106
3.4 0.5846 0.5846
4 0.4965 0.4965
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V. Suppositional Motion Accuracy

Equation (28) represents an exact integration of Jacobi’s integral
equation under the supposition that x�t� � dx and _x�t� � 0 are
strictly maintained. Unfortunately, this condition is not met. Recall
the equations of motion in Eq. (10) with the right-hand sides fully
expanded:

�x � 2! _y� !2x � Gm1�x � x1�
��x � x1�2 � y2 � z2	3=2

� Gm2�x � x2�
��x � x2�2 � y2 � z2	3=2

(51a)

�y� 2! _x� !2y � Gm1y

��x � x1�2 � y2 � z2	3=2

� Gm2y

��x � x2�2 � y2 � z2	3=2
(51b)

�z�� Gm1z

��x � x1�2 � y2 � z2	3=2
� Gm2z

��x � x2�2 � y2 � z2	3=2
(51c)

Applying the suppositional motion from Eqs. (13–51) yields

� 2!a _� cosf�g � !2dx �
Gm1�dx � x1�

��dx � x1�2 � a2	3=2

� Gm2�dx � x2�
��dx � x2�2 � a2	3=2

(52a)

a� �� cosf�g � _�
2
sinf�g	 � !2a sinf�g � Gm1a sinf�g

��dx � x1�2 � a2	3=2

� Gm2a sinf�g
��dx � x2�2 � a2	3=2

(52b)

� a� �� sinf�g � _�
2
cosf�g	 � � Gm1a cosf�g

��dx � x1�2 � a2	3=2

� Gm2a cosf�g
��dx � x2�2 � a2	3=2

(52c)

Multiplying Eq. (52b) by cosf�g and Eq. (52c) by � sinf�g and
combining leads precisely to Eqs. (18) and (19) and the corre-
sponding analytic solution outlined in Sec. III. This preciseness does
not imply that either Eq. (52b) or (52c) individually are satisfied,
rather it implies a combination of the two equations (Jacobi’s integral
equation) is satisfied. However, one equation of motion is precisely
satisfied. Transform Eqs. (52b) and (52c) to radial and tangential
components:

a _�
2 � !2asin2f�g �G

�
m1

�31
�m2

�32

�
a (52d)

a �� � !2a sinf�g cosf�g � 0 (52e)

Substituting Eq. (28) and the derivative of Eq. (29) into Eq. (52e)
shows the tangential motion equation is exactly solved by the
suppositional motion. Thus, the accuracy to which the assumed
circular trajectory satisfies the motion equations reduces to the
degree to which Eq. (52a) and (52d) are satisfied.

Equation (52a), with the left-hand side being a function of time and
the right-hand side being constant, cannot equate over a finite
segment of time. The suppositional motion is incorrect in the strictest
mathematical sense. Nevertheless, Eq. (52a) can be interpreted to be
satisfied in the following approximate sense. The right-hand side of
Eq. (52a), @J=@xjSupposition � Jx�dx; a�, is a function of dx and a.

Expanding this function with respect to variable a about the point
a� 0 yields

Jx�dx; a� � Jx�dx; a�ja�0 �
@Jx�dx; a�

@a

����
a�0
a

� 1

2

@2Jx�dx; a�
@a2

����
a�0
a2 � . . .

�
�
!2dx � G

�
m1�dx � x1�
jdx � x1j3

�m2�dx � x2�
jdx � x2j3

��
� �0�a

� 1

2

�
3G

�
m1�dx � x1�
jdx � x1j5

�m2�dx � x2�
jdx � x2j5

��
a2 � . . . (53)

If the y0z0-plane is selected to pass through any of the three collinear
libration points,L1,L2,L3 (Battin [2] definition), the first term in the
expansion of the right-hand side of Eq. (52a) becomes zero
(Jx�dx; 0� � 0 at dx � dL1 ���, dL2

���, dL3
���, �� �2). Thus, the

right-hand side of Eq. (52a) is approximately zero, assuming a�
�dx � xi�2 for i� 1, 2 (zero through second order ina). The left-hand
side represents a finite zero mean oscillating perturbation, consisting
of an elliptic sn��; k� and dn��; k� product [see Eqs. (28) and (29)].
Thus, Eq. (52a) is satisfied, in an averaged sense, for eachwhole orbit
completed by the third body. Further, the maximum error at any
specific time in Eq. (52a) is bounded. Planes other than the collinear
libration planes can be considered, however, Eq. (52a) will not be
correct even in the averaged sense.

To show the averaged property, integrate the left-hand side of
Eq. (52a) over a general whole orbit (t: t0 ! t0 � T, ��t�: �0 !
�0 � 2�), or

��2! _y	javg ��
2!a

T

Z
t0�T

t0

_��t� cosf��t�gdt

�� 2!a

T
sinf��t�g

����
t0�T

t0

�� 2!a

T
sinf�g

����
�0�2�

�0

�0 (54)

For the bounded property, first differentiate the left-hand side of
Eq. (52a), leading to

d��2! _y	
dt

��2!a d

dt
� _��t� cosf��t�g	

� �2!a d

dt

�
!

k
dn���t�; k�sn���t�; k�

�

� 2!3a

k2
cn���t�; k��1 � 2k2sn2���t�; k�	 (55)

where

��t� � �!
k
�t � t0� � F

�
�

2
� �0; k

�
(56)

Applying the condition for perturbation extremums results in

d��2! _y	
dt

� 0) cn���t�; k� � 0 or sn���t�; k� � 1���
2
p
k

(57)

The cn���t�; k� condition leads to minima and maxima when k �
1=

���
2
p

, whereas the condition on sn���t�; k� corresponds to minima

and maxima for k 
 1=
���
2
p

. Thus, upper and lower bounds on the
perturbation are

��2! _y	u �
2!2a

k
dn��
; k�sn��
; k�

��2! _y	l ��
2!2a

k
dn��
; k�sn��
; k�

(58)

where
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�
 �
�
F��=2; k� � K�k� for k � 1=

���
2
p

F�sin�1�1=
���
2
p
k�; k� for k 
 1=

���
2
p (59)

The peak error in Eq. (52a) is proportional to the CRTBP rotation rate
squared and the third body orbit radius, and inversely proportional to
the modulus. Note the product dn��
; k� sn��
; k� will vary between
0.5 and 1 depending on the value of k.

Now focus attention onEq. (52d), inwhich again the left-hand side
is time dependent and the right-hand side is time independent. Thus,
the suppositional motion is again rigorously incorrect, but can be
considered, in certain regions of the dimensional space, approxi-
mately correct in the following sense. The left-hand side of Eq. (52d),
negative radial acceleration �ar, is greater than zero and is limited
from above and below. In certain regions of the xyz space, the right-
hand side of Eq. (52d) can be shown to lie between the left-hand side
limits. Thus, Eq. (52d) is also satisfied, in a banded sense, for all time,
assuming the third body orbit falls within the defined region.

To show the limiting property of the left-hand side of Eq. (52d),
substitute the suppositional motion solution yielding

��ar	 � a _�2�t� � !2asin2f��t�g

� !
2a

k2
�dn2���t�; k� � k2cn2���t�; k�	 (60)

Differentiate the left-hand side, leading to

d��ar	
dt
� !

2a

k2
d

dt
�dn2���t�; k� � k2cn2���t�; k�	

� 4!3a

k
sn���t�; k�cn���t�; k�dn���t�; k� (61)

Applying the condition for extremums provides

d��ar	
dt

� 0) sn���t�; k� � 0 or cn���t�; k� � 0 (62)

The sn���t�; k� condition leads to maxima, whereas the condition on
cn���t�; k� corresponds to minima. Thus, upper and lower limits on
the negative radial acceleration are

��ar	u � !2a

�
1

k2
� 1

�
��ar	l � !2a

�
1

k2
� 1

�
(63)

To determine the region inwhich the right-hand side of Eq. (52d) is
equal to or greater than the left-hand side lower limit the following
necessary condition must hold:

!2a

�
1

k2
� 1

�
� G

�
m1

�31
�m2

�32

�
a (64)

Using Eqs. (17), (18), and (22), the necessary condition becomes

1

a

�
!2d2x � 2G

�
m1

�1
�m2

�2

�
� C

�
� G

�
m1

�31
�m2

�32

�
a (65)

For positive Jacobi constants, a sufficient condition ensuring Eq. (65)
is

1

a

�
!2d2x � 2G

�
m1

�1
�m2

�2

��
� G

�
m1

�31
�m2

�32

�
a (66)

or

2

a

�
1

2
!2d2x �U�dx; a�

�
� �Ur�dx; a� (67)

where U�x; r� denotes gravitational potential with dependence
on x, and the y0z0-plane radius r and Ur�x; r� � @U�x; r�=@r. Equa-
tion (67) implies the orbit radius must be below a certain threshold to

have the right-hand side of Eq. (52d) above the left-hand side lower
limit. Suppositional y0z0-planes close to the center plane (dx � 0) will
reduce this threshold. Regions in which the right-hand side of
Eq. (52d) is equal to or less than the left-hand side upper limit are
determined by the necessary condition

G

�
m1

�31
�m2

�32

�
a � !2a

�
1

k2
� 1

�
(68)

Using Eqs. (17), (18), and (22), the necessary condition becomes

G

�
m1

�31
�m2

�32

�
a

� !2a

�
2� 1

!2a2

�
!2d2x � 2G

�
m1

�1
�m2

�2

�
� C

��
(69)

For C values maintaining Eq. (33) a sufficient condition ensuring
Eq. (69) is

G

�
m1

�31
�m2

�32

�
a � 2!2a (70)

or

� Ur�dx; a� � 2!2a (71)

Equation (71) implies the orbit radius must be above a certain
threshold to have the right-hand side of Eq. (52d) below the left-hand
side upper limit.

Overall, the suppositional circular solution can be described as
strictly correct in only one axis and approximately correct (bounded
averaged and banded) in the other axes. Of course in numerical
propagation error in Eq. (52a) or (52d) will spill over to Eq. (52e).

VI. Iterated Solution Correction

In practice, the supposed planar circular motion solution,
applicable to any restricted three-body system, may only be accurate
over a short arc of the true 3-D orbit. Fortunately, the mathematical
structure of Eq. (51) allows for an iterative analytical approximate
procedure to correct the suppositional motion results. Table 2
outlines the iterative perturbation like procedure. Under a motion
supposition for the x-axis, the motion in the remaining axes, y and z,
are solved for as in Sec. III using Eqs. (51b) and (51c). These results
constitute the base solution: xb, yb�t�, zb�t�. Now, the base solutions
in the y and z-axes are used to solve for a correction to the x-axis base

Table 2 Iterative analytical solution

 y (t), z  (t) (base solution)x bb   b →  

x  (t)c1
y  (t), z  (t) (first correction)c1c1

y   (t), z   (t) (second correction)x  (t) c2c2c2 →

x�t� � xb
Base solution: y�t� � yb�t�

z�t� � zb�t�
x�t� � fxbg � xc1�t�

First correction: y�t� � fyb�t�g � yc1�t�
z�t� � fzb�t�g � zc1�t�
x�t� � fxb � xc1�t�g � xc2�t�

Second correction: y�t� � fyb�t� � yc1�t�g � yc2�t�
z�t� � fzb�t� � zc1�t�g � zc2�t�

. . .
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solution from Eq. (51a): xc1�t�. The total solution is expanded as the
base plus first correction and certain approximations are invoked
in solving for the correction, including all corrections are small
quantities and other sizing restrictions on the y and z-axis base
solutions. Next, the x-axis first correction is used in Eqs. (51b) and
(51c) to solve for afirst correction to the y and z-axis dynamics: yc1�t�
and zc1�t�. A similar solution procedure is used here and then iterated
between xci�t� and yci�t�, zci�t�. The correction procedure outlined
here is also general and does not rely on any specific three-body
system.

Base solution results are taken from Sec. III and include

xb � dx yb�t� � a sinf��t�g zb�t� � a cosf��t�g (72)

where sinf��t�g and cosf��t�g are given in Eq. (28). A correction to
xb is now sought. Substitute

x�t� � xb � xc1�t� y�t� � yb�t� z�t� � zb�t� (73)

into Eq. (51a), which yields

�xc1�t� � 2! _yb�t� � !2�xb � xc1�t�	

� Gm1�xb � xc1�t� � x1�
��xb � xc1�t� � x1�2 � yb�t�2 � zb�t�2	3=2

� Gm2�xb � xc1�t� � x2�
��xb � xc1�t� � x2�2 � yb�t�2 � zb�t�2	3=2

(74)

Expand the nonlinear gravitational terms about the base solution in
Eq. (74):

�xc1�t� � 2! _yb�t� � !2�xb � xc1�t�	

� Gm1

�
xb � x1
�31

�
�
1

�31
� 3�xb � x1�2

�51

�
xc1�t� � . . .

�

� Gm2

�
xb � x2
�32

�
�
1

�32
� 3�xb � x2�2

�52

�
xc1�t� � . . .

�
(75)

To proceed analytically, select dx � dLi��� for i� 1, 2, 3, cancel out
the embedded (approximate bounded-averaged) base solution
(a� �dx � xi�2 for i� 1, 2), and delete high-order terms in xc1�t�
(jxc1�t�j � �i for i� 1, 2):

�xc1�t� �
�
�!2 �G

�
m1

�
1

�31
� 3�xb � x1�2

�51

�

�m2

�
1

�32
� 3�xb � x2�2

�52

���
xc1�t� � 2! _yb�t� (76)

�xc1�t� �G
�
m1

�
1

�31
� 3�xb � x1�2

�51
� 1

r312

�

�m2

�
1

�32
� 3�xb � x2�2

�52
� 1

r312

��
xc1�t� � 2! _yb�t� (77)

Depending on the sign of the gravitational coefficient, Eq. (77)
represents a stable-unstable forced second order linear time
invariant dynamic system. Numerical evaluation of this coefficient
over parameters dx and a confirms very small isolated regions exist,
not necessarily at the libration planes, in which the Eq. (77) system
is stable. However, the space over parameters dx and a is dominated
by unstable cases, which is consistent with L1, L2, L3 stability
analysis [2]. Only the unstable case will be explored further, which
is recast as

�xc1�t� � 	2c1xc1�t� � 2! _yb�t�

	2c1 � !2 � G
�
m1

�
1

�31
� 3�xb � x1�2

�51

�

�m2

�
1

�32
� 3�xb � x2�2

�52

��
> 0 (78)

Finally, the forcing function in Eq. (78) is

2! _yb�t� �
2!2a

k
sn���t�; k�dn���t�; k� (79)

In terms of the nome expansion [26], the forcing becomes

2! _yb�t� �
2!2a

k

�
2�

kK�k�
X1
i�0

qi�
1
2

1 � q2i�1 sin
�
�2i� 1��
2K�k� ��t�

��

�
�

�

2K�k� �
2�

K�k�
X1
j�1

qj

1� q2j cos
�

2j�

2K�k� ��t�
��

� cQ
�X1
i�0

Qi sinf!si��t�g

�
X1
i�0

X1
j�1

Qij sinf!si��t�g cosf!cj��t�g
�

(80)

where

cQ �
2�2!2a

k2K2�k� Qi �
qi�

1
2

1 � q2i�1

Qij � 4
qi�

1
2

1 � q2i�1
qj

1� q2j ; !si �
�2i� 1��
2K�k�

!cj �
2j�

2K�k� q� e��
K�k0 �
K�k� ; k0 � �1 � k2�1=2

(81)

The homogeneous solution to Eq. (78) is

xc1H�t� � A1e
	c1t � A2e

�	c1t (82)

whereas the nonhomogeneous solution is

xc1NH�t� �
X1
i�0

B1i sinf!si��t�g � B2i cosf!si��t�g

�
X1
i�0

X1
j�1

B12ij sinf!si��t�g cosf!cj��t�g

� B21ji sinf!cj��t�g cosf!si��t�g (83)

where

B1i ��
cQQi

!2
si�!k�2 � 	2c1

B2i � 0

B12ij ��
cQQij��!2

si � !2
cj��!k�2 � 	2c1	

��!2
si � !2

cj��!k�2 � 	2c1	2 � �2!si!cj�!k�2	2

B21ji �
cQQij�2!si!cj�!k�2	

��!2
si � !2

cj��!k�2 � 	2c1	2 � �2!si!cj�!k�2	2

(84)

Applying the initial conditions xc1�t0� � xc10 , _xc1�t0� � _xc10 allow
A1, A2 to be solved for

A1 �
1

2	c1
f	c1e�	c1t0 �xc10 � 
x� � e�	c1t0� _xc10 � 
 _x�g

A2 �
1

2	c1
f	c1e	c1t0�xc10 � 
x� � e	c1t0� _xc10 � 
 _x�g

(85)

where
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x �
X1
i�0

B1i sinf!si��t0�g

�
X1
i�0

X1
j�1

B12ij sinf!si��t0�g cosf!cj��t0�g

� B21ji sinf!cj��t0�g cosf!si��t0�g


 _x �
X1
i�0
�B1i!si

�
!

k

�
cosf!si��t0�g

�
X1
i�0

X1
j�1
�B12ij

�
!

k

�
�!si cosf!si��t0�g cosf!cj��t0�g

� !cj sinf!si��t0�g sinf!cj��t0�g	

� B21ji

�
!

k

�
��!si sinf!cj��t0�g sinf!si��t0�g

� !cj cosf!cj��t0�g cosf!si��t0�g	 (86)

After collecting results, the complete solution for the x-axis first
correction is

xc1�t� � A1e
	c1t � A2e

�	c1t �
X1
i�0

B1i sinf!si��t�g

�
X1
i�0

X1
j�1

B12ij sinf!si��t�g cosf!cj��t�g

� B21ji sinf!cj��t�g cosf!si��t�g (87)

For a general set of initial conditions, and when xc1�t� is added to
xb [see Eq. (73)], the third body will move off the supposition plane
with a combined multifrequency oscillatory and aperiodic nature, at
least initially whereas the variation from the plane is not excessive,
according to Eq. (87). A special class of Eq. (87) solutions, unstable
periodic orbits, is also possible for certain initial condition sets.
Examples would be libration point halo orbits. To generate this class
of motion, homogeneous coefficients A1, A2 must be nulled. An
initial condition set satisfying this requirement from Eq. (85) is

xc10 � 
x _xc10 � 
 _x (88)

Next, corrections to yb�t� and zb�t� are addressed. A solution
structure of

x�t�� xb� xc1�t� y�t�� yb�t�� yc1�t� z�t�� zb�t�� zc1�t�
(89)

is assumed and substituted into Eqs. (51b) and (51c):

�y b�t� � �yc1�t� � 2! _xc1�t� �!2�yb�t� � yc1�t�	

� Gm1�yb�t� � yc1�t��
��xb� xc1�t� � x1�2� �yb�t� � yc1�t��2� �zb�t� � zc1�t��2	3=2

� Gm2�yb�t� � yc1�t��
��xb� xc1�t� � x2�2� �yb�t� � yc1�t��2� �zb�t� � zc1�t��2	3=2

(90)

�z b�t�� �zc1�t�

�� Gm1�zb�t�� zc1�t��
��xb� xc1�t�� x1�2��yb�t�� yc1�t��2��zb�t�� zc1�t��2	3=2

� Gm2�zb�t�� zc1�t��
��xb� xc1�t�� x2�2��yb�t�� yc1�t��2��zb�t�� zc1�t��2	3=2

(91)

Gravitational expansion of these relations about the base solution
provides

�yb�t� � �yc1�t� � 2! _xc1�t� � !2�yb�t� � yc1�t�	

� Gm1

�
yb�t�
�31
� 3�xb � x1�yb�t�

�51
xc1�t�

�
�
1

�31
� 3y2b�t�

�51

�
yc1�t� �

3yb�t�zb�t�
�51

zc1�t� � . . .

�

� Gm2

�
yb�t�
�32
� 3�xb � x2�yb�t�

�52
xc1�t�

�
�
1

�32
� 3y2b�t�

�52

�
yc1�t� �

3yb�t�zb�t�
�52

zc1�t� � . . .

�
(92)

�zb�t� � �zc1�t� � �Gm1

�
zb�t�
�31
� 3�xb � x1�zb�t�

�51
xc1�t�

� 3yb�t�zb�t�
�51

yc1�t� �
�
1

�31
� 3z2b�t�

�51

�
zc1�t� � . . .

�

� Gm2

�
zb�t�
�32
� 3�xb � x2�zb�t�

�52
xc1�t� �

3yb�t�zb�t�
�52

yc1�t�

�
�
1

�32
� 3z2b�t�

�52

�
zc1�t� � . . .

�
(93)

To proceed analytically, cancel out the embedded (approximate
banded) base solution and delete high-order terms in xc1�t�, yc1�t�,
zc1�t� (jxc1�t�j, jyc1�t�j, jzc1�t�j � �i for i� 1, 2):

�yc1�t� �
�
�!2 �G

�
m1

�
1

�31
� 3y2b�t�

�51

�

�m2

�
1

�32
� 3y2b�t�

�52

���
yc1�t�

�
�
�3G

�
m1

yb�t�zb�t�
�51

�m2

yb�t�zb�t�
�52

��
zc1�t�

� �2! _xc1�t� �
�
3G

�
m1

�xb � x1�yb�t�
�51

�m2

�xb � x2�yb�t�
�52

��
xc1�t� (94)

�zc1�t� �
�
G

�
m1

�
1

�31
� 3z2b�t�

�51

�
�m2

�
1

�32
� 3z2b�t�

�52

���
zc1�t�

�
�
�3G

�
m1

yb�t�zb�t�
�51

�m2

yb�t�zb�t�
�52

��
yc1�t�

�
�
3G

�
m1

�xb � x1�zb�t�
�51

�m2

�xb � x2�zb�t�
�52

��
xc1�t� (95)

Equations (94) and (95) represent two coupled forced second order
linear time varying dynamic systems. Taking the y and z-axis base
solutions as small with respect to the third body relative position

magnitudes (jyb�t�j, jzb�t�j � �5=2i for i� 1, 2), Eqs. (94) and (95)
simplify to uncoupled time invariant systems:

�y c1�t� �
�
�!2 �G

�
m1

�31
�m2

�32

��
yc1�t� � �2! _xc1�t� (96)

�y c1�t� �G
�
m1

�
1

�31
� 1

r312

�
�m2

�
1

�32
� 1

r312

��
yc1�t� � �2! _xc1�t�

(97)

�z c1�t� �G
�
m1

�31
�m2

�32

�
zc1�t� � 0 (98)
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Depending on the sign of the gravitational coefficient in Eq. (97), the
y-axis system can be stable or unstable. A condition ensuring the
coefficient is positive is !2y < �@U=@y, or the gravitational
acceleration in the y direction is greater than the centripetal
acceleration component from a y displacement (assuming y > 0).
Small radius orbits located between the primary and secondary
bodies tend to be y-axis stable, such as small L1 halo orbits. Small
radius orbits lyingwell outside the CRTBP system (smallL2,L3 halo
orbits) or large radius orbits located anywhere along the x-axis tend
to be unstable. The z-axis system in Eq. (98) is always stable. Further
note the z-axis system is Coriolis unforced.

Only the stable y-axis casewill be explored further. Equations (96)
and (98) are recast as

�y c1�t� � !2
c1y
yc1�t� � �2! _xc1�t� (99)

!2
c1y
��!2 �G

�
m1

�31
�m2

�32

�
> 0 (100)

�z c1�t� � !2
c1z
zc1�t� � 0 (101)

!2
c1z
�G

�
m1

�31
�m2

�32

�
> 0 (102)

The forcing function in Eq. (99), making use of the x-axis first
correction in Eq. (87), is

� 2! _xc1�t� � �2!
�
A1	c1e

	c1t � A2	c1e
�	c1t

�
X1
i�0
�B1i!si

�
!

k

�
cosf!si��t�g

�
X1
i�0

X1
j�1
�B12ij

�
!

k

�
�!si cosf!si��t�g cosf!cj��t�g

� !cj sinf!si��t�g sinf!cj��t�g	

� B21ji

�
!

k

�
��!si sinf!cj��t�g sinf!si��t�g

� !cj cosf!cj��t�g cosf!si��t�g	
�

� cAfA1e
	c1t � A2e

�	c1tg

� cRST
�X1
i�0

Ri cosf!si��t�g

�
X1
i�0

X1
j�1

Sij sinf!si��t�g sinf!cj��t�g

� Tij cosf!si��t�g cosf!cj��t�g
�

(103)

where

cA ��2!	c1 cRST �
2!2

k
Ri � !siB1i

Sij ��!cjB12ij � !siB21ji Tij � !siB12ij � !cjB21ji

(104)

The homogeneous solution to Eq. (99) is

yc1H �t� � C1 sin�!c1y t� � C2 cos�!c1y t� (105)

whereas the nonhomogeneous solution is

yc1NH �t� �D1e
	c1t �D2e

�	c1t �
X1
i�0

E1i sinf!si��t�g

� E2i cosf!si��t�g �
X1
i�0

X1
j�1

E11ij sinf!si��t�g sinf!cj��t�g

� E22ij cosf!si��t�g cosf!cj��t�g (106)

where

D1�
cAA1

	2c1�!2
D2��

cAA2

	2c1�!2
E1i�0 E2i�

cRSTRi
�!2

si�!k�2�!2
c1y

(107a)

E11ij �
cRST���!2

si � !2
cj��!k�2 � !2

c1y
	Sij � cRST�2!si!cj�!k�2	Tij

���!2
si � !2

cj��!k�2 � !2
c1y
	2 � �2!si!cj�!k�2	2

E22ij �
�cRST�2!si!cj�!k�2	Sij � cRST���!2

si � !2
cj��!k�2 � !2

c1y
	Tij

���!2
si � !2

cj��!k�2 � !2
c1y
	2 � �2!si!cj�!k�2	2

(107b)

Applying the initial conditions yc1�t0� � yc10, _yc1�t0� � _yc10 allow
C1, C2 to be solved for

C1 �
1

!c1y
�!c1y sin�!c1y t0��yc10 � �y � "y�

� cos�!c1y t0�� _yc10 � � _y � " _y�	

C2 �
1

!c1y
�!c1y cos�!c1y t0��yc10 � �y � "y�

� sin�!c1y t0�� _yc10 � � _y � " _y�	 (108)

where

�y �D1e
	c1t0 �D2e

�	c1t0

� _y �D1	c1e
	c1t0 �D2	c1e

�	c1t0
(109)

"y �
X1
i�0

E2i cosf!si��t0�g

�
X1
i�0

X1
j�1

E11ij sinf!si��t0�g sinf!cj��t0�g

� E22ij cosf!si��t0�g cosf!cj��t0�g

" _y �
X1
i�0

E2i!si

�
!

k

�
sinf!si��t0�g

�
X1
i�0

X1
j�1
�E11ij

�
!

k

�
�!si cosf!si��t0�g sinf!cj��t0�g

� !cj sinf!si��t0�g cosf!cj��t0�g	

� E22ij

�
!

k

�
�!si sinf!si��t0�g cosf!cj��t0�g

� !cj cosf!si��t0�g sinf!cj��t0�g	 (110)

After collecting results, the complete solution for the y-axis first
correction is
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yc1�t� � C1 sin�!c1y t� � C2 cos�!c1y t� �D1e
	c1t

�D2e
�	c1t �

X1
i�0

E2i cosf!si��t�g

�
X1
i�0

X1
j�1

E11ij sinf!si��t�g sinf!cj��t�g

� E22ij cosf!si��t�g cosf!cj��t�g

(111)

For a general set of initial conditions and when yc1�t� is added to
yb�t� [see Eq. (89)], the third body will move off the supposition
circle with a combined multifrequency oscillatory and aperiodic
nature, at least initially while the variation from the circle is not
excessive, according to Eq. (111). A special class of Eq. (111)
solutions, unstable periodic orbits, is again possible for certainvalues
of initial conditions. This class of motion occurs when the nonhomo-
geneous coefficients D1, D2 are zero. This condition is achieved by
Eq. (88). Finally, a further special class of unstable periodic orbits
with no homogeneous frequency content occurs when C1, C2 are
zero. This condition is achieved when

yc10 � "y _yc10 � " _y (112)

Being unforced in the Coriolis sense, the z-axis first correction
solution is much simpler, having only the homogeneous component.
The solution takes the form

zc1�t� � F1 sin�!c1z t� � F2 cos�!c1z t� (113)

where

F1 �
1

!c1z
�!c1z sin�!c1z t0��zc10 � � cos�!c1z t0��_zc10�	

F2 �
1

!c1z
�!c1z cos�!c1z t0��zc10� � sin�!c1z t0��_zc10�	

(114)

and the initial conditions are zc1�t0� � zc10 , _zc1�t0� � _zc10 . For a
given set of initial conditions, and when zc1�t� is added to zb�t� [see
Eq. (89)], the third body will again deviate from the supposition
circle but with a single-frequency oscillatory nature, assuming the
initial conditions are not excessively large, according to Eq. (113).
This homogeneous motion is the only motion allowed in the z-axis
first correction under the stated assumptions.

This iterative procedure can be extended in a systematic fashion,
but a solution through the first correction will suffice here. The
overall analytical approximate solution for the third body motion is
thus

x�t�� xb� xc1�t� y�t�� yb�t�� yc1�t� z�t�� zb�t�� zc1�t�
(115)

where xb, yb�t�, zb�t� are listed in Eq. (72) and xc1�t�, yc1�t�, zc1�t�
are listed in Eqs. (87), (111), and (113).

VII. L1 Halo Orbit Example

A periodic L1 halo orbit for an artificial CRTBP system with
�2 � �� 0:04 is used as a test case for the suppositional motion
theory and iterated analytical solution procedure of Secs. III and VI.
Howell [27] contains several suitable halo orbits as candidates. In
particular, a small 0:17r12 � 0:076r12 sized orbit that undergoes an
even smaller variation (0:046r12) in the x-axis is selected for further
analysis. Initial conditions for this exact numerical based orbit are
given below and correspond to the third body intersecting the xz-
plane in the upper quadrants [27]:

xh0 ��0:723268r12 _xh0 � 0 yh0 � 0

_yh0 � 0:198019!r12 zh0 � 0:04r12 _zh0 � 0 t� t0
(116)

The halo orbit geometry is symmetric about the xz-plane. The
Jacobi constant for this orbit isCh � 3:329168!2r212 and the period is
Th � 2:603=!.

Comparison of the base solution from Sec. VI (suppositional
circular motion from Sec. III) with the exact halo orbit, computed
from nonlinear simulation, is considered first. Some arbitrariness
exists in mapping the exact 3-D orbit initial conditions to the
suppositional circular 2-D orbit initial conditions. Initial conditions
for the suppositional motion are chosen here as

dx ��0:74090984286r12�dL1
� a� zh0

�0 � 0 _�0 � _yh0=zh0

t� t0 (117)

This a, �0, _�0 selection provides a good match to the projected initial
halo orbit state, but likely will incur larger error at other locations
around the orbit. The base solution modulus value, computed from
Eq. (22), with the preceding initial conditions is k� kb � 0:198.
The dx selection at the collinear equilibrium L1 is based on insights
from Sec. V and provides averaged correct x-axis motion as the
supposition plane is located in the mean of the motion variation.
Figure 11 shows overlay plots of the base and exact solutions. The
temporally unsynchronized maximum x, y, z positional errors are
0:0274r12, 0:0435r12, 0:0045r12. The orbital period error is 1:347=!.
The base solution roughly captures the halo orbit yz-plane geometry,
but further refinement is required.

Computation of first corrections in the x and y-axes is considered
next. Recall no first correction for the z-axis is available. Rather than
using the general formulation given in Sec. VI, a truncated version
will be considered and to show that the full procedure may not be
required for every application. The main departure from the general
formulation is truncation of the 2! _yb�t� Coriolis forcing term in
Eqs. (79) and (80). A two term nome expansion for the forcing is

2! _yb�t�
�2!2a
k
�
�

�2 ���
q
p

kK2�k��1 � q�

�
sinfv�t�g � q

1� q� q2 sinf3v�t�g

� 4q

1� q2 sinfv�t�g cosf2v�t�g

� 4q2

�1� q� q2��1� q2� sinf3v�t�g cosf2v�t�g
�

(118)
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where v�t� � ���t�=2K�k�. Using the following trigonometric
identities

sinfv�t�g cosf2v�t�g � 1

2
sinf3v�t�g � 1

2
sinfv�t�g

sinf3v�t�g cosf2v�t�g � 1

2
sinf5v�t�g � 1

2
sinfv�t�g

(119)

Equation (118) is reformulated to

2! _yb�t�
�2!2a
k
�
�

�2 ���
q
p

kK2�k��1 � q�

�
��

1 � 2q

1� q2 �
2q2

�1� q� q2��1� q2�

�
sinfv�t�g

�
�

q

1� q� q2 �
2q

1� q2
�
sinf3v�t�g

� 2q2

�1� q� q2��1� q2� sinf5v�t�g
�

(120)

Conversion of the forcing signal to a pure sinusoidal nature will
simplify calculations. As k decreases the nome q also decreases and
the nome dependent harmonic coefficients in Eq. (120) decrease,
leaving a simple sine wave which the full expansion would also
collapse to. In contrast, when k! 1 the nome dependent harmonic
coefficients increase in significance and differences can be expected
between the two term and full expansion signals. Figure 12 shows the
approximate and exact forcing signal versus dimensionless time for a
group of k values. The two termnome formulation should be accurate
for k < 0:85.

Another smaller departure from the general formulation is reten-
tion of the nonzero a2 term in Eq. (53). This retention leads to an
additional constant forcing term in Eq. (78) which improves correc-
tion solution accuracy. In this case the solution for the correction in
the x-axis is found to be

xc1�t� � Axe	c1t � Bxe�	c1t � Cx �Dx sinfv�t�g
� Ex sinf3v�t�g � Fx sinf5v�t�g (121)

where Ax and Bx are constants to be determined from initial
conditions, and

Cx ��
Cxc1
	2c1

Cxc1 � !2xb �
Gm1�xb � x1�

�51
� Gm2�xb � x2�

�52

Dx ��
Dxc1

� �!
2kK�k��2 � 	2c1

Dxc1
� 2!2a

k

�2 ���
q
p

kK2�k��1 � q�

�
�
1 � 2q

1� q2 �
2q2

�1� q� q2��1� q2�

�

Ex ��
Exc1

� 3�!
2kK�k��2 � 	2c1

Exc1 �
2!2a

k

�2 ���
q
p

kK2�k��1 � q�

�
q

1� q� q2 �
2q

1� q2
�

Fx ��
Fxc1

� 5�!
2kK�k��2 � 	2c1

Fxc1 �
2!2a

k

�2 ���
q
p

kK2�k��1 � q�

�
2q2

�1� q� q2��1� q2�

�
(122)

Applying the initial conditions xc1�t0� � xc10 , _xc1�t0� � 0 with t0 �
0 yields

xc10 � Ax � Bx � Cx �Dx � Ex � Fx 0� Ax � Bx (123)

To remove the nonperiodic terms (Ax � Bx � 0) in Eq. (121) the
required condition is

xc10 � Cx �Dx � Ex � Fx (124)

Equation (124) is equivalent to the first expression in Eq. (88) for the
general formulation.

The required condition in Eq. (124) facilitates a correction to the
modulus value. The initial position xc10 is first computed from the
halo orbit data as xc10 � xho � dx � 0:01764r12. Observing that
coefficients Cx, Dx, Ex, Fx are functions of k [see Eq. (122)],
Eq. (124) is reformulated as

f�k� � xc10 � 0 (125)

Equation (125) is to be solved for k numerically. Because not all the
harmonics are included in the solution, one cannot expect Eq. (125)
to be fully satisfied for any value of k. An appropriate value for k,
which corresponds to the minimum of the left-hand side magnitude

Fig. 12 Approximate and exact forcing signals.
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of Eq. (125), will be considered here. Figure 13 shows the absolute
value of the left-hand side of Eq. (125) versus k. The x-axis first
correction modulus value corresponding to the minimum Eq. (125)
error is k� kxc1 � 0:279. Finally, the solution for the first correction
in the x-axis is written as follows:

xc1�t� � Cx �Dx sinfv�t�g � Ex sinf3v�t�g � Fx sinf5v�t�g
(126)

Because the value of k does not completely satisfy Eq. (125) the
initial value xc10 is automatically adjusted by Eq. (126) when the
coefficients are computed from k obtained in Eq. (125).

Using the result from the x-axis to correct y�t�, the solution for the
y-axis first correction is found to be

yc1�t� � Ay cosf!c1y tg � By sinf!c1y tg �Dy cosfv�t�g

� Ey cosf3v�t�g � Fy cosf5v�t�g (127)

where Ay and By are constants to be determined from initial
conditions, and

Dy �
Dyc1

!2
c1y
� � �!

2kK�k��2
Dyc1
� �!2

kK�k�Dx

Ey �
Eyc1

!2
c1y
� � 3�!

2kK�k��2
Eyc1 �

3�!2

kK�k�Ex

Fy �
Fyc1

!2
c1y
� � 5�!

2kK�k��2
Fyc1 �

5�!2

kK�k�Fx

(128)

The initial conditions, yc1�t0� � 0, _yc1�t0� � _yc1o , t0 � 0, when
applied to Eq. (127) and its derivative result in

0� Ay _yc10 � !c1yBy �
�!

2kK�k� fDy � 3Ey � 5Fyg (129)

To eliminate the homogeneous part of the solution (By � 0), the
following condition should be satisfied:

_y c10 �
�!

2kK�k� �Dy � 3Ey � 5Fy� (130)

In the general formulation, Eq. (130) corresponds to Eq. (112).
There appear to be at least three plausible interpretations to the

meaning and utilization of Eq. (130) in conjunction with Eqs. (22)
and (124). The solution theory in this paper is analytically consistent,
implying existence of a single unique k for the exact solution.
Because approximations have been invoked and only a single
iteration has been considered, a unique k satisfying Eqs. (22), (124),
and (130) simultaneously does not exist. The first interpretation is to
compute three separate moduli (k� kb, k� kxc1 , k� kyc1 ) and use
them in the appropriate solution components (kb ! yb�t� and zb�t�,
kxc1 ! xc1�t�, kyc1 ! yc1�t�). Moduli kb and kxc1 have already been
considered. Modulus kyc1 would be computed from Eq. (130) with
_yc10 � 0 because the full halo orbit initial velocity _yho has been
previously applied to the base solution [see Eq. (117)]. This inter-
pretation was investigated. Although rigorous solutions to Eq. (130)
with _yc10 � 0 exist for the limiting cases k: k! 0 and k! 1, no
other values of k precisely satisfy the required condition. However,
broad regions were found in which the right-hand side of Eq. (130)
was nearly zero and independent of the value of k, implying the
possibility of vastly different values of the three moduli or the insig-
nificance of the Eq. (130) condition. Consequently, this inter-
pretation was abandoned. The second interpretation is to compute a
single optimum k (k� kb � kxc1 � kyc1 ) which best satisfies all three
equations. The problem formulation would involve unknowns k, xc10
and the percentage distribution of _yh0 to initial conditions

_�0 and _yc10 .
This interpretation appears overly complicated and was not
considered.

The third interpretation, lying somewhere in between the first and
second interpretations, is to compute a single optimum k which best

satisfies a single equation [Eq. (124), k� kxc1 ]. This single kwould
then be used consistently throughout all solution components
(kxc1 ! yb�t� and zb�t�, kxc1 ! xc1�t�, kxc1 ! yc1�t�). Implementa-
tion here is simpler and is congruent with numerical differential
correction logic in the following sense. With the appropriate value of
themodulus determined fromEq. (124), Eq. (130) is used to compute
the change in the initial y-axis velocity. Thus, at each step of the
iteration process there should be an increment in the initial y-axis
velocity. The mechanism of the iterative solution procedure is acting
like a differential correction technique. However, this increment in
the initial y-axis velocity is not used in the analytical orbit con-
struction process because numerical integration is not employed.

The third interpretation was adopted for this work, and the compu-
tation effort was already presented in Fig. 13. Using k� kxc1 �
0:279 in Eq. (128) to compute coefficientsDy,Ey,Fy, the solution for
the first correction in y is

yc1�t� �Dy cosfv�t�g � Ey cosf3v�t�g � Fy cosf5v�t�g (131)

Care should be taken to avoid resonance forcing singularity in the
solution, which occurs when

!c1y �
n�

2kK�k� ; n� 1; 3; 5 (132)

Figure 14 shows the dimensionless natural frequency to be avoided
as a function of k for the three possible forcing signals parameterized
by n.

Figure 15 shows the analytic orbit construction after the first
correction iteration using the two term nome expansion with the true
orbit. The temporally unsynchronized maximum x, y, z positional
errors are 0:0131r12, 0:0165r12, 0:0045r12. Using the true halo orbit
dimensions as the reference, the first correction has reduced the
maximum positional error in the x-axis from 60% to 28% and in the
y-axis from 26% to 9.7%. No change has occurred in the z-axis. Also
the period error has reduced to 34% from 52%. The orbital period
error is 0:89=!. The corrected orbit has the sloped xz-plane track and
the flattened yz-plane closed path signatures commonly exhibited by
halo-class orbits. The xz-plane track does not show any significant
curvature at this iteration, but the rectilinear track reasonably
captures the true motion behavior. Note how coefficient Cx has
pushed the track away from the L1 point. Also note how the Dy

coefficient has amplified the distance the third body travels from the
x-axis when it traverses from the upper quadrants to the lower
quadrants. Significant improvement in the halo orbit prediction is
noted in Fig. 15 after one correction iteration. Depending on the
application and required accuracy, a second iteration for the analytic
solution can be considered. Determination of sufficiency of the
required number of corrections can be judged by the respective
contributions to the total solution, and the intended application.
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Geometry of halo orbits for mission design can be reduced in
preliminary studies to the average slope of the xz-plane track,M, and
the approximate vertical-to-horizontal aspect ratio of the yz-plane
path, A. Suitable definitions for these parameters for the analytic
solution displayed in Fig. 15 are

M�
z�t0� � z�t0 � k

!
K�k��

x�t0� � x�t0 � k
!
K�k�� with �0 � 0; t0 � 0 (133)

A� z�t0�
y�t0 � k

!
K�k�� with �0 � 0; t0 � 0 (134)

Note t� 0 corresponds to �� 0, whereas t� �k=!�K�k� corre-
sponds to �� �=2 rad. Using the analytic results and simplifying by
neglecting Ex, Fx, Ey, Fy [O�Ex; Fx; Ey; Fy� �
O�Dx;Dy� holds for the numerical example], the slope and aspect
ratio can be expressed symbolically as

M�k� � a

Dx

��
� �!
2kK�k��2� 	2c1

8� �!
2kK�k��2f�q�k��

��
1� 4

�2
k2K2�k��1� G

!2 fm1� 1�3
1

� 3�dx�x1�2
�5
1

� �m2� 1�3
2

� 3�dx�x2�2
�5
2

�g	
8�f�q�k��

(135)

A�k� �
�
1�

Dy

a

��1
�
�
1�

8�!2

kK�k� � �!
2kK�k��2f�k�

�� �!
2kK�k��2 � !2

c1y
	�� �!

2kK�k��2 � 	2c1	

��1

�
�
1�

32
�
kK�k�f�k�

�1� 4k2K2�k�
�2
f1 � G

!2 fm1

�3
1

� m2

�3
2

gg	�1� 4k2K2�k�
�2
f1 � G

!2 fm1� 1�3
1

� 3�dx�x1�2
�5
1

� �m2� 1�3
2

� 3�dx�x2�2
�5
2

�gg	

��1
(136)

where

f�q�k�� �
���
q
p

1 � q

�
1 � 2q

1� q2 �
2q2

�1� q� q2��1� q2�

�
(137)

These expressions can be used in various ways. For example,
mission sensing or communication objectives may impose certain

requirements on a satellite to periodically transit various regions in
the three-body spatial system. Given a preliminary set of values for
dx, a, xc10 , the modulus k can be computed, and from this the halo
orbit slope and aspect ratio can be computed. If the orbit does not
meet the requirements satisfactorily, sensitivities of M and A with
respect to variations in k can be analyzed with Eqs. (135) and (136)
for modification purposes. The analytical expressions could also be
useful with inverse problems, in which parametersM,A are specified
along with dx to satisfy mission objectives, and Eqs. (135) and (136)
are used to compute compatible a, k values. Additionally, Eqs. (135)
and (136) could be differentiated with respect to k to identify
extremal conditions for slope or aspect ratio. Assuming all assump-
tions taken in the derivation of the expressions are maintained,
Eqs. (135) and (136) could provide physical insight and avoid costly
numerical propagation within iterative searches, i.e., when the slope
and aspect ratio are preselected and the appropriate orbital param-
eters are calculated. Even in other numerical differential correction
techniques, such as numerically constructing a periodic orbit by
finding appropriate initial position-velocity pairs, the supposed orbit
may provide a better initial guess than the linearized equation solu-
tion, and this affects directly the required computational convergence
time. By combining Eqs. (135) and (136) a direct relation betweenM
and A for design purposes can also be derived. Finally, if mission
requirements involve time, the orbital period through Eq. (24) can be
coupled to the process.

VIII. Exact Circular Motion with Thrust

If the third body is an artificial satellite with an actively controlled
propulsion subsystem, such capability can be exploited to render
the suppositional motion described in Sec. III exact. Such an orbit
could be useful for communications, in situ space measurements,
observation platforms, loitering, etc., particularly in regions where
natural halo orbits do not exist or are expensive to maintain due to
instabilities. The proposed exact circular vertical orbit maintained by
thrust would then add a mission design freedom or a potential design
alternative. In this section, the required thrust will be calculated and
presented in a nondimensional way, such that any user can convert
the data to specific fuel/thrust requirements for a specific engine-
vehicle system.

Let the accelerative thrust components be denoted by aTx, aTy , aTz .

The equations of motion [see Eq. (10)] for the third body are altered
to

�x � 2! _y� @J
@x
� aTx (138a)

�y� 2! _x� @J
@y
� aTy (138b)

�z� @J
@z
� aTz (138c)

Equation (138a) under the supposition yields

aTx ��2!a _� cosf�g � Jx�dx; a� (139)
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Equations (138b) and (138c), when expanded under the supposition
and transformed in the same manner as in Sec. V, give

aTr � aTy sinf�g � aTz cosf�g

� �a _�2 � !2asin2f�g �G
�
m1

�31
�m2

�32

�
a (140)

aTt � aTy cosf�g � aTz sinf�g � a �� � !2a sinf�g cosf�g (141)

whereaTr ,aTt are the accelerative thrust components in the radial and
tangential directions. Figure 16 shows the various thrust acceleration
components in the suppositional plane y0z0-axes and the radial-
tangential rt-axes.

The supposition motion solves the governing tangential relation
Eq. (141) exactly without need for tangential thrust. Thus,

aTt � aTy cosf�g � aTz sinf�g � 0 (142)

For certain regions within the xyz space, the centripetal and
gravitational accelerations appearing in the right-hand side of the
governing radial expression were shown to be approximately
balanced, in a banded sense. At any specified time, to exactly balance
these terms and preserve the suppositional motion, the radial thrust
acceleration must equal the difference between these centripetal

and gravitational terms. By substituting for _� from Jacobi’s integral
equation under the supposition motion into Eq. (140), the radial
accelerative thrust can be expressed as

aTr � aTy sinf�g � aTz cosf�g � �2a!2sin2f�g � cT (143)

where cT is a constant which depends on the characteristics of the
three-body system and the suppositional motion. This constant can
be either positive, negative, or zero:

cT �G
�
m1

�31
�m2

�32

�
a � �a _�20 � !2asin2f�0g� (144)

Equation (139) gives the required propulsive x-axis acceleration to
maintain planar circular motion for a general y0z0-plane. By selecting
dx to coincide with libration points L1, L2, or L3, the thrust
requirement simplifies [see Eq. (53)] to

aTx ��2!a _� cosf�g �
1

2

@2Jx�dx; a�
@a2

����
a�0
a2 � . . . (145)

The residual gravitational terms appearing in the right-hand side of
Eq. (145) were shown to be small, in a bounded-averaged sense.
Thus, the required cylindrical thrust component is dominated by the
Coriolis acceleration. Solving Eqs. (142) and (143) simultaneously,
the following expressions for the thrust accelerations in the y and z
directions become

aTy � ��2!2asin2f�g � cT 	 sinf�g (146)

aTz � ��2!2asin2f�g � cT 	 cosf�g (147)

Figures 17 and 18 show the nondimensional accelerative thrust
demands for this special case against normalized time for half an
orbit, across a family of elliptic moduli, for the Earth–moon system,
using an orbit radius of a� 0:05r12. In Fig. 17, all accelerative thrust
curves in the radial direction have similar behavior (constant plus
elliptic cn���t�; k� square nature) with time, except the limiting case
k: k! 1. In this case, results indicate a sharp reduction in thrust
demand at �� n�=2, n� 1; 3; 5; . . ., and between these values
thrust can be approximated to be constant. Also note all curves have
minimums at �� n�=2, n� 1; 3; 5; . . . and maximums at �� n�,
n� 0; 1; 2; 3; . . .. Further the radial thrust acceleration is nearly
always positive. For the considered orbit radius and elliptic moduli
values, the gravitational acceleration is larger than the centripetal
acceleration, and outward (positive) radial thrust is required to
maintain the circular path. Figure 18 shows the thrust acceleration
component in the cylindrical direction (x-axis). Note all curves
intersect at common points �� n�=2, n� 1; 3; 5; . . ., at which they
all have the same value equaling the constant gravitational part in
Eq. (145). With the value of k getting smaller, the thrust in the x
direction approaches a cosine wave that is shifted above the zero
value. Generally, the required thrust profiles take the shape of a
constant plus an elliptic sn���t�; k� and dn���t�; k� product. For the
considered orbit radius, the second order gravitational attraction that
exists in the L1 libration plane is toward the second primary, thus

Fig. 16 Exact circular motion with thrust geometry.
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requiring a positive (toward the first primary) bias in the cylindrical
thrust. Overall the rate of change of aTr , aTx is nonuniform and
strongly depend on k. The peak values of aTr , aTx are also a strong
function of k. For the limiting case k: k! 1 in Fig. 18, the smallest
peak propulsive acceleration and smallest integrated propulsive
acceleration (impulse) are experienced. For smaller values of k,
required peak and integrated thrust accelerations to maintain circular
motion increase. The case k: k! 0 requires infinite propulsive
capability. Opposite but similar trends are noted in Fig. 17. The
largest (positive) propulsive demand occurs in the k: k! 1 case. For
k: k! 0 the required thrust approaches an infinite negative bias.

Figures 19 and 20 show the nondimensional thrust acceleration
against normalized angle. These figures help with visualizing the
thrust demands at different locations in the physical coordinates.
Figure 19 indicates that the amount of radial thrust in the upper half
(z > 0) of the orbit is the same as in the lower half of the orbit.
Acceleration demand curves are symmetrical with respect to both the
y-axis and z-axis. Figure 20 shows that the amount of cylindrical
thrust required in the lower half of the orbit is larger than that in the
upper half of the orbit. Thrust demand curves are symmetrical with
respect to the z-axis but unsymmetrical with respect to the y-axis. In
the lower half, the Coriolis acceleration is aligned with the gravita-
tional bias, thus requiring more thrust to maintain planar motion.
Figures 17 and 18 showed when thrust components are positive or
negative,which is critical for determining the instantaneous direction
of the total thrust vector in space. In contrast, Figs. 19 and 20 show
only absolute values of thrust at different locations along the orbit.
Together the two sets of figures may be helpful in determining

suboptimal thrust logic to maintain the required orbit. The radial and
cylindrical thrust vector components vary with the change in
modulus k for the same value of circular orbit radius a. Because the
only way to minimize the total amount of thrust is to minimize these
components, care should be taken when determining a proper
modulus k.

IX. Conclusions

A hypothetical elliptic integral solution to Jacobi’s integral
equation in the circular restricted three-body problem, under planar
circular assumptions with nonuniform speed, has been offered. The
solution, which satisfies one motion equation precisely and the other
two approximately, provides closed-form analytical results for the
orbital period and path in terms of several parameters including the
orbit radius, the plane location, and the elliptic modulus (initial
conditions). These suppositional results are found to be mathemati-
cally rich and insightful. However, to bridge the gap from hypo-
thetical to factual, an iterative analytical approximate procedure
that computes successive corrections to the hypothetical solution is
also offered. An initial test case using a small L1 periodic halo orbit
showed, after a single correction step using simplifying assumptions,
the corrections bring the hypothetical solution closer to the true orbit.

Results presented in the paper capture the essence of, and are
dynamically relevant to, highly inclined orbits located near the
collinear equilibrium points in the circular restricted three-body
problem. The findings provide a window for deeper physical under-
standing of detail characteristics associated with this class of orbits.
Results may provide practical utility for mission design and celestial
analysis.
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